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Abstract 

Abstract growth models in Mathematical Economics provide a theoretical foundation for 

understanding long-term economic development through simplified mathematical 

structures. Classical models such as the Solow Growth Model and Endogenous Growth 

Theory explain how factors like capital accumulation, labor expansion, and technological 

progress influence economic output. These models use production functions and differential 

equations to analyze steady-state growth and dynamic transitions in economies. 

In the contemporary era, the integration of Artificial Intelligence has significantly enhanced 

the applicability of growth models. AI-driven tools enable the processing of large-scale 

economic data, improving forecasting accuracy and policy simulations. The role of 

technology, traditionally treated as an exogenous or endogenous factor, has evolved with AI 

acting as a central driver of innovation and productivity. This transformation aligns closely 

with endogenous growth perspectives, where knowledge and technological advancement 

determine sustained growth. 

Furthermore, AI facilitates real-time decision-making, efficient resource allocation, and 

predictive economic analysis, making growth models more practical and responsive to 

global challenges. Thus, the combination of abstract growth models and AI provides a robust 

framework for understanding and guiding modern economic systems. 
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Introduction 

Economic growth has long been a central concern of Mathematical Economics, where 

mathematical tools are used to explain how economies expand over time. Growth models 

provide a structured and quantitative framework to analyze the dynamics of output, capital 

accumulation, labor force expansion, and technological progress. In the contemporary era, 

the rise of Artificial Intelligence has transformed the traditional understanding of economic 

growth, making it essential to reinterpret classical and modern models through a 

mathematical and computational lens. 

At the core of most growth theories lies the aggregate production function, which establishes 

a functional relationship between inputs and output. A general representation is given by: 

 

 

 

Y(t) = F (K (t), L(t), A(t)) 

where Y(t) denotes output at time t, K(t) represents capital stock, L(t) denotes labor input, 

and A(t) captures the level of technology. This formulation provides the foundation for both 

classical and neoclassical growth models and highlights the importance of technological 
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progress—now increasingly driven by AI systems—as a key determinant of economic 

expansion. 

Early growth theories, including the Harrod–Domar Growth Model, emphasized the role of savings and 

investment in determining growth rates. The fundamental equation of this model is: 

𝑔 =
S

u
 

where g is the growth rate of output, s is the savings rate, and v is the capital-output ratio. 

This model suggests that higher savings and efficient capital utilization lead to higher 

economic growth. However, it also introduces the concept of instability, often referred to as 

the “knife-edge problem,” where small deviations from the equilibrium growth path can lead 

to large economic fluctuations. In today’s AI-driven economy, investment is no longer 

limited to physical capital but extends to digital infrastructure, machine learning systems, 

and data ecosystems, thereby expanding the interpretation of K. 

The limitations of early models led to the development of the Solow–Swan Growth Model, 

which incorporates technological progress as an exogenous factor. The model is commonly 

expressed using a Cobb–Douglas production function: 

Y (t) = K(t)α  (A(t) L (t))1−α, 0 < α < 1 
In this framework, technological progress A(t) enhances labor productivity, and the 

economy converges to a steady-state equilibrium where capital per worker remains constant. 

The evolution of capital per effective worker k(t) can be expressed as: 

                                   
𝒅𝒌

𝒅𝒕
= 𝒔𝒇(𝒌) − (𝒏 +  𝜹 + 𝒈𝑨)𝒌 

where n is the population growth rate, δ  is the depreciation rate, and gA is the rate of technological progress. 

In the modern context, AI significantly increases gA , accelerating the steady-state level of output and shifting 

the production frontier outward. 

While the Solow model treats technology as external, the Endogenous Growth Theory internalizes 

technological change by linking it to human capital, innovation, and knowledge accumulation. A simplified 

endogenous growth function can be written as: 

Y=AK 
where A represents the productivity of capital, often influenced by research, innovation, and learning-by-

doing. More advanced formulations incorporate human capital H: 

Y= Kα (A H)1−α 
In this model, knowledge spillovers and innovation create increasing returns to scale, allowing sustained long-

term growth without diminishing returns. In the AI era, this framework becomes particularly relevant, as 

machine learning algorithms, big data, and automation systems continuously generate new knowledge, 

effectively making technological progress self-reinforcing. 

The integration of AI into economic systems fundamentally alters the structure of production and growth. 

Traditional labor L is increasingly complemented—or in some cases replaced—by intelligent systems, 

leading to an augmented production function: 

Y= F (K, L, AAI) 

where AAI denotes AI-driven technological advancement. This shift has profound implications for 

productivity, efficiency, and scalability. AI enables firms to optimize resource allocation, predict market 

trends, and automate complex decision-making processes, thereby increasing output with relatively lower 

marginal costs. 

Moreover, growth models help explain emerging challenges such as income inequality, job displacement, and 

skill-biased technological change. Mathematically, this can be reflected in differentiated labor inputs: 
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Y = F (K, Ls, Lu, A) 

where Ls and Lu represent skilled and unskilled labor, respectively. AI tends to increase the 

productivity of skilled labor while reducing demand for routine tasks, thereby widening the 

wage gap. This highlights the importance of human capital investment and education in 

sustaining inclusive growth. 

In conclusion, growth models in Mathematical Economics provide essential analytical tools 

for understanding the evolving dynamics of modern economies. The incorporation of AI into 

these models not only enhances their explanatory power but also necessitates new 

mathematical formulations that capture data-driven innovation, automation, and digital 

capital. As economies transition toward knowledge-based and AI-driven systems, the 

integration of traditional growth theory with advanced computational techniques becomes 

crucial for accurate modeling, policy formulation, and sustainable development. 

Harrod–Domar Framework: Instability and Investment Dynamics 

Mathematical Structure: 

                                                      𝑔 =
8

v
 

Where: 

 g = Growth rate 

 s = Savings rate 

 v = Capital-output ratio 

Calculation Example: 

Assume: 

                                                         𝒔 = 𝟎. 𝟐𝟓,    𝐯 = 𝟒                        

                                                    𝒈 =
𝟎.𝟐𝟓

𝟒
= 𝟎. 𝟎𝟔𝟐𝟓 = 𝟔. 𝟐𝟓%         

Data Insight: 

 Developing economies (e.g., India 1950–1980) relied heavily on savings-

driven growth. 

 Empirical studies show mismatch between actual growth (g) and warranted 

growth. 

Proof of Instability: 

Let: 

                                                                      𝑔 ≠ 𝑔𝑤 

 

If g > gw → Over-investment → Inflation 

If g > gw → Underemployment → Recession 

 This proves the knife-edge instability, mathematically showing no automatic 

equilibrium. 
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2. Solow Model: Convergence and Steady-State Proof 

The Solow-Swan Growth Model (Solow, 1956) improved earlier models by introducing 

direct capital accumulation and exogenous technology. 

Core Equation: 

                                       Y = Kα (AL)1−α 

Capital Accumulation: 

                                   
𝒅𝒌

𝒅𝒕
= 𝒔𝒌𝒂 − (𝒏 +  𝜹)𝒌 

Steady-State Proof: 

At equilibrium: 

                                                      
𝒅𝒌

𝒅𝒕
= 0 

 

                                            𝒔𝒌𝜹 =  (𝒏 +  𝜹)𝒌 

 
1

1 −  𝑎
 

                                                𝒌∗ =  (
𝑆

𝑛+ 𝛿
)  

 

Calculation Example: 

Let:   

                           𝒔 = 0.3, 𝑛 = 0.02, 𝛿 = 0.05, 𝑎 = 0.4 

                           
1

1 −  𝑎
 

 

                                             𝒌∗ =  (
0.3

0.07
)           ≈ (4.285) 1.667   ≈ 10.2 

Data Evidence: 

 Cross-country studies show conditional convergence 

 OECD countries converge faster due to higher A technology 

 

Proof:                    

𝑑2𝑘

𝑑𝑡2
< 0 

 This shows diminishing returns, ensuring convergence toward steady state.  

3. Endogenous Growth Theory: Knowledge as a Growth Engine 

The Endogenous Growth Theory (Romer, 1986; Lucas, 1988) internalizes technological 

change. 

Basic AK Model: 

                                       Y = AK 
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Growth Rate: 

                                      g = sA − δ 

Calculation Example:   

                                        A = 0.2, s = 0.3, 𝛿 = 0.05 

                         𝑔 = (0.3 × 0.2) −  0.05 = 0.06 − 0.05 = 0.01 = 1 % 

Human Capital Extension:  

                                                             𝒀 = 𝑲𝒂(𝑯𝑨)𝟏−𝒂  

Proof of Sustained Growth: 

𝑑𝐾

𝑑𝑡
= 𝐴 ≠ 0 

 No diminishing returns → permanent growth possible 

Data Support: 

 Countries investing in R&D (USA, South Korea) show sustained long-term 

growth 

 AI investment correlates with higher productivity growth rates 

4. Al-Augmented Growth Models (Modern Literature) 

Recent studies extend classical models by incorporating AI as a productive 

input. 

Modified Production Function: 

                                𝒀 = 𝐾𝑎(𝐴𝐴𝐼𝐿)𝟏−𝒂 

or 

                                    𝒀 = 𝐹 (𝐾, 𝐿, 𝐷, 𝐴𝐼) 

Where: 

 D = Data 

 AI = Artificial intelligence systems 

Empirical Data Trends: 

 McKinsey : AI can increase global GDP by ~1.2% annually 

 World Bank: Digital economies grow 2–3× faster 

Mathematical Insight: 

AI increases: 

                               𝑨𝑨𝑰 ↑⇒ 𝒀 ↑       

Proof of Increasing Returns: 

∂Y

∂AI
> 0, ↓

∂2Y

∂AI2
 > 0 

 

 Indicates accelerating productivity gains 
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5. Comparative Theoretical Findings 

Model Growth Driver Mathematical Property Limitation 

Harrod–

Domar 
Savings Linear Instability 

Solow Capital + Tech Diminishing returns Tech is exogenous 

Endogenous Knowledge Increasing returns Complex calibration 

AI Models Data + AI Super-linear growth Measurement uncertainty 

 

6. Synthesis of Literature 

From a mathematical perspective: 

 Classical models: 

                          𝑔 = 𝑓 (𝑠, 𝑣) 

 Neoclassical models: 

              𝑔 = 𝑓 (𝑘, 𝑛, 𝐴) 

 Modern AI models: 

                      𝑔 = 𝑓 (𝐾, 𝐿, 𝐴𝐴𝐼 , 𝐷) 

 

This progression shows a shift from physical capital → human capital → 

digital & AI capital. 
The literature demonstrates a clear evolution in growth theory from rigid, investment-driven models 

to flexible, innovation-driven frameworks. Mathematical proofs confirm that while early models 

suffer from instability or diminishing returns, modern endogenous and AI-augmented models support 

sustained and accelerating growth. Empirical data further validates these theoretical insights, 

particularly in economies that prioritize technology, education, and artificial intelligence. 

Thus, integrating AI into mathematical growth models is not only theoretically sound but also 

empirically necessary for explaining contemporary economic dynamics. 

This study adopts a quantitative and analytical methodology within the framework of Mathematical 

Economics to examine the relevance of growth models in the Artificial Intelligence era. The approach 

integrates theoretical modeling, mathematical derivations, and secondary data-based validation. 

1. Model Specification 

We extend the traditional production function by incorporating AI as a distinct factor of 

product. 

                      Y(t) = K(t)a (A(t)L(t)) 1-a AI(t)β 

Where: 

 Y(t) = Output 

 K(t) = Capital 

 L(t) = Labor 

 A(t) = Technology 

 AI(t) = Artificial Intelligence input 

 α,β = Output elasticities 
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2. Transformation into Per Capita Form 

Let: 

 

                                         𝑘 =
K

L
,                   𝑦 =

Y

L
, 

 

Then  

                                        𝑦 = 𝑘𝑎𝐴1−𝑎𝐴𝐼𝛽 

This transformation allows us to analyze productivity per worker in an AI-driven economy. 

 

3. Capital Accumulation Equation 

The dynamic behavior of capital is defined as: 

𝑑𝑘

𝑑𝑡
= 𝑠𝑦 − (𝑛 +  𝛿)𝑘 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑦: 
𝑑𝑘

𝑑𝑡
= 𝑠𝑘𝑎 𝐴1−𝑎  𝐴𝐼𝛽 − (𝑛 +  𝛿)𝑘 

 

 

4. Steady-State Equilibrium 

At steady state: 

𝑑𝑘

𝑑𝑡
= 0 

 

So: 

                                     𝑠𝑘𝑎𝐴1−𝑎𝐴𝐼𝛽 = (𝑛 + 𝛿)𝑘 

 

                                                                                            
1

 1− 𝑎
 

                                                𝑘∗ =  (
𝑠𝐴1−𝑎𝐴𝐼𝛽

𝑛+𝛿
)            

 

5. Growth Rate Determination  

Taking logs: 

                                            𝐼𝑛𝑌 =  𝑎𝐼𝑛𝑲 + (1 − 𝑎)𝐼𝑛 (𝐴𝐿) +  𝛽 𝐼𝑛𝐴𝐼 

Differentiating w.r.t time:  

                                         .        .                         .      .              . 

𝑌

𝑌
= 𝑎

𝑲

𝑲
+ (1 − 𝑎) (

𝐴

𝐴
+ 

𝐿

𝐿
) + β 

𝐴𝐼

𝐴𝐼
 

Thus  

                                           𝑔𝑦 = 𝑎𝑔𝑲 + (1 − 𝑎)(𝑔𝐴 + 𝑔𝐿) + βgAI 
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This shows that AI directly contributes to economic growth.  

6. Mathematical Proof of AI Impact on Growth 

Proposition: 

An increase in AI input increases steady-state output. 

Proof: 

From steady-state: 

                                                                                            
1

 1− 𝑎
 

                                                𝑘∗ =  (
𝑠𝐴1−𝑎𝐴𝐼𝛽

𝑛+𝛿
)            

 

Differentiate w.r.t AI:  

 

                                                                                    
𝜕𝑘

∗

 𝜕𝐴𝐼
> 0 

 

Since: 

 𝑠, 𝐴, 𝛽 > 0 

 

 Therefore: 

𝐴𝐼 ↑⟹ 𝑘∗ ↑ ⟹ 𝑦∗  ↑ 

 

 

Hence proved:  AI increases long-run economic output. 

7. Second-Order Condition (Increasing Returns) 

                                                                                    
𝜕𝑘

∗

 𝜕𝐴𝐼
> 0 

 

This indicates: 

 Increasing marginal productivity of AI 

 Strong justification for AI-driven growth 

8. Data Method (Empirical Approach) 

Data Source: 

 Secondary data (World Bank, IMF, AI reports) 

 Variables: 

o GDP growth (Y) 

o Capital formation (K) 

o Labor force (L) 

o AI investment index 
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Econometric Model: 

                                    𝑰𝒏 𝒀 = 𝜷𝟎 + 𝜷𝟏 𝑰𝒏 𝑲 + 𝜷𝟐 𝑰𝒏𝑳 + 𝜷𝟑 𝑰𝒏 𝑨𝑰 + 𝒆  

Interpretation: 

 𝜷3 > 0 ⟹ 𝐴𝐼 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒𝑙𝑦 𝑎𝑓𝑓𝑒𝑐𝑡𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 

 𝑆𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑎𝑙 𝑠𝑖𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑛𝑐𝑒 𝑡𝑒𝑠𝑡𝑒𝑑 𝑣𝑖𝑎 𝑡 − 𝑡𝑒𝑠𝑡 

9. Hypothesis Testing 

Null Hypothesis (H0): 

                                         𝜷𝐴𝐼 = 0(AI has no impact)       

Alternative Hypothesis (H₁): 

 

                                   𝜷𝐴𝐼 = 0 

Decision Rule: 

  𝐼𝑓 𝑝 < 0.05 → 𝑅𝑒𝑗𝑒𝑐𝑡 𝐻0 

 

10. Model Validation 

The model is validated through: 

 Goodness of fit (R2) 

 Stability conditions 

 Comparison with classical models like 

o Solow–Swan Growth Model 

o Endogenous Growth Theory 

 

This methodology integrates mathematical modeling, theoretical proof, and empirical 

validation to demonstrate the role of AI in modern economic growth. The inclusion of AI as 

a production factor not only extends traditional growth models but also provides a more 

realistic representation of contemporary digital economies. The mathematical proofs 

confirm that AI contributes positively to both short-run dynamics and long-run equilibrium, 

making it a critical driver of sustainable economic development. 

Conclusion 

This study demonstrates that growth models in Mathematical Economics remain 

fundamental tools for understanding economic expansion, but their relevance has 

significantly evolved in the era of Artificial Intelligence. Traditional frameworks such as 

the Harrod–Domar Growth Model highlighted the importance of savings and investment, 

while the Solow–Swan Growth Model introduced technological progress as a key driver of 

long-term growth. The Endogenous Growth Theory further advanced this understanding 

by incorporating innovation, human capital, and knowledge spillovers as internal sources of 

sustained economic development. 

The integration of AI into these models marks a critical shift from traditional growth 

determinants toward a technology- and data-driven paradigm. Mathematically, the 

inclusion of AI as an independent factor of production demonstrates that increases in AI 

investment lead to higher steady-state output and accelerated growth rates. The derived 

models and proofs confirm that AI contributes positively to productivity, enhances 

efficiency, and generates increasing returns, thereby overcoming some limitations of earlier 

theories such as diminishing returns and instability. 
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Empirical and theoretical analysis together indicate that AI not only augments labor and 

capital but also transforms the structure of economic systems. It enables predictive decision-

making, automation of complex processes, and continuous innovation, which are essential 

for sustaining growth in modern economies. However, the study also highlights emerging 

challenges, including inequality, skill-biased technological change, and the need for adaptive 

policy frameworks. 

In conclusion, the evolution of growth models from classical to AI-augmented forms reflects 

the changing nature of economic reality. Incorporating AI into mathematical growth 

frameworks is both necessary and inevitable for accurately explaining present and future 

economic dynamics. Policymakers, researchers, and institutions must therefore focus on 

fostering AI adoption, investing in human capital, and ensuring inclusive growth to fully 

realize the benefits of this technological transformation. 
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